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The linear stability of flow in a vertical rectangular duct subject to homogeneous
internal heating, constant-temperature no-slip walls and a driving pressure gradient is
investigated numerically in the framework of the Boussinesq hypothesis. A Galerkin
method based upon modified Chebyshev polynomials is used to discretize the
linearized Navier–Stokes equations in their most compact form, i.e. eliminating the
pressure and the streamwise velocity and making use of the intrinsic symmetry
properties. A classification of the basic flow in Grashof and Reynolds space in terms
of inflectional properties is proposed. It is found that the flow loses stability at all
aspect ratios for a combination of finite thermal buoyancy and pressure forces with
opposed signs. In the square duct, the unstable region lies inside the range where
the basic velocity profile exhibits additional inflection lines. Unstable eigenfunctions
are obtained for all basic symmetry modes, consisting of rapidly propagating large-
scale structures located in the vicinity of the inflection lines near the centre of the
duct.

1. Introduction
Pressure-driven flow through a straight duct with a rectangular cross-section occurs

in a wide range of technical applications. A large number of past studies of this
flow have focused upon the origin of secondary motion which is observed in the
corner region for turbulent conditions (e.g. Gavrilakis 1992; Galletti & Bottaro
2004). By contrast, the transition process from the laminar state to turbulence in this
configuration has received less attention. A notable exception is the numerical study of
Tatsumi & Yoshimura (1990) who established that the laminar flow in a rectangular
duct is stable with respect to all infinitesimal perturbations below a critical aspect
ratio of 3.2, where the aspect ratio is defined in the range from unity to infinity.
Theofilis, Duck & Owen (2004) later confirmed the stabilizing effect of the sidewalls
through linear analysis performed at higher spatial resolution. The linear theory is
thus incapable of predicting the flow instability in the rectangular duct with a small
aspect ratio. Moreover, for cross-sections with an aspect ratio above the critical value
it yields a gross over-prediction of the critical Reynolds number when compared to
the experimentally measured values of Kao & Park (1970). On the other hand, no
attempts to identify fully nonlinear (steady or travelling-wave) solutions for finite
geometrical aspect ratios have been reported in the literature.

Nonlinear studies usually rely upon a continuation technique which, starting from
a suitable initial guess, allows us to track a solution in parameter space. One such
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example can be found in the work of Ehrenstein & Koch (1991) who were able to
find wave-like solutions in plane Poiseuille flow (PPF) at Reynolds numbers as low
as experimentally determined transition values.

Since the flow in the low-aspect-ratio rectangular duct (and, particularly, the
square duct) is linearly stable, there exists no obvious initial condition for starting a
continuation procedure. In analogous situations, the method of homotopy has proved
to be a valuable tool: by embedding the problem into a related one with desirable
linear instability characteristics, both being smoothly connected by a single parameter,
nonlinear solutions can often be obtained for the original problem. This technique
has been successfully employed by Nagata (1990) in plane Couette flow, by Waleffe
(2001) in PPF and by Wedin & Kerswell (2004) in pipe flow.

The object of the present study is twofold. First, we intend to provide a basis for a
subsequent nonlinear analysis of the flow in a rectangular duct with small aspect ratio.
For this purpose, we have chosen to perform a linear stability analysis of the duct
flow including a homogeneously distributed heat source. This choice of the homotopy
parameter is motivated by the work of Nagata & Generalis (2002) and Generalis &
Nagata (2003) on internally heated PPF (HPPF) where the basic velocity profile has
inflection points in a certain parameter range, leading to the appearance of a family
of new linear modes with positive growth rates. By analogy, adding a heat source to
the otherwise linearly stable flow in a rectangular duct has the prospect of yielding
unstable perturbations which in turn will permit a continuation procedure to be
applied in the future. As it turns out in the present case, the temperature fluctuations
must be taken into account (i.e. the Prandtl number must be finite) in order to lead
to linear instability of the flow in the square duct.

Our second object is to elucidate the linear stability characteristics of the flow with
an internal heat source in its own right. This problem deserves attention because of a
number of important applications: the heat release created by an electric current in
a conducting fluid (Kikuchi, Shioyama & Kawara 1986), radiative heating of fluids
owing to microwaves (Gilchrist, Kriegsmann & Papageorgiou 1998), solar radiation in
planetary atmospheres (Tritton 1975), chemically reacting fluid mixtures and internal
heating owing to nuclear reactions (Nourgaliev & Dinh 1997). Radioactive internal
heating further plays a role in the study of the motion of the Earth’s mantle (Roberts
1967; Tritton & Zarraga 1967; McKenzie, Roberts & Weiss 1974). To our knowledge,
the problem of stability of the flow in an internally heated rectangular duct has not
previously been considered in the literature, probably owing to the large parameter
space and system size which require substantial computational resources.

The organization of this paper is as follows. We first establish the mathematical
formulation of the linear stability problem and then describe our numerical method.
In section § 4, we present a classification of the basic flow in terms of its inflectional
properties. We then briefly revisit the isothermal case in the rectangular duct and
present additional data on the HPPF case before we turn to the main results of our
analysis. The paper closes with a short discussion in § 5.

2. Mathematical formulation
We consider the flow in a straight duct with rectangular cross-section. The Cartesian

coordinates are (x, y, z) with x being the axial direction and the corresponding unit
vectors are x̂, ŷ, ẑ. The flow domain is Ω = � × [−b, b] × [−c, c]. The aspect ratio
is defined as A= c/b � 1, with the limit A → ∞ corresponding to flow in a plane
channel. Gravity acts in the negative axial direction, i.e. g = −g x̂. The fluid with
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density ρ, viscosity ν and thermal conductivity κ is subjected to a homogeneously
distributed internal heat source with intensity q . We adopt the Boussinesq hypothesis
with a coefficient of thermal expansion αT . Using b, b2/ν, ν/b, ρν2/b2, ν2/(gαT b3)
as reference values for length, time, velocity, pressure and temperature, the flow
equations take the following form:

∂t u + (u · ∇)u = −∇p + T x̂ + ∇2u, (2.1a)

∇ · u = 0, (2.1b)

∂tT + (u · ∇)T =
1

Pr
∇2T +

2Gr

Pr
, (2.1c)

where u is the velocity vector, p the pressure, T the temperature, Pr = ν/κ the Prandtl
number and Gr = gαT qb5/(2ν2κ) the Grashof number. The duct is bounded by no-
slip walls (u =0) which are kept at a constant temperature (T = 0). The basic flow
is assumed uni-directional and independent of the streamwise coordinate, i.e. the
basic velocity U = U (y, z) x̂ and the basic temperature distribution Θ(y, z) obey the
following equations:

(∂yy + ∂zz)U = −Θ − χ Re, (2.2a)

(∂yy + ∂zz)Θ = −2 Gr. (2.2b)

The axial pressure-gradient term χRe in equation (2.2a) is obtained from the
equivalent pressure-driven isothermal case. The parameter χ is chosen such that
(∂yy + ∂zz)Uiso = −χ leads to Umax,iso = max(Uiso) = 1 and the Reynolds number is
defined as Re = Umax,isob/ν. Thereby, χ is a function of the aspect ratio A alone and
the Reynolds number controls the amplitude of the pressure-gradient. Note that the
Reynolds number can take positive or negative values, according to the sign of the
driving pressure-gradient.

The perturbation component of the field is expanded in normal modes with real
axial wavenumber α and complex frequency −αc:

[u′(x, t), p′(x, t), θ ′(x, t)] = [u(y, z), p(y, z), θ(y, z)]eiα(x−ct) . (2.3)

Elimination of the axial velocity component and the pressure leads to the following
linear perturbation equations for the velocity components v, w and the temperature
θ:

Eyz v − ∂yθ = Oyz w, (2.4a)

Ezy w − ∂zθ = Ozy v, (2.4b)

(ciαPr + iαUPr + α2 − ∂yy − ∂zz) θ + Pr(∂yΘ)v + Pr(∂zΘ)w = 0 , (2.4c)

where E, O are equivalent to the even and odd operators defined in Tatsumi &
Yoshimura (1990) except for the choice of the reference values:

Eβγ = −
[

i

α
(∂ββ + ∂γγ − α2) + (U − c)

]
(∂ββ − α2) + (∂ββU ), (2.5a)

Oβγ =

[
i

α

(
∂ββ + ∂γγ − α2

)
+ (U − c)

]
∂βγ − (∂γ U )∂β + (∂βU )∂γ − (∂βγ U ). (2.5b)

The appropriate boundary conditions for the perturbations are the following:

y = ±1 : v = w = ∂yv = θ = 0 , z = ±A : v = w = ∂zw = θ = 0. (2.6)
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Homogeneous Dirichlet Homogeneous Dirichlet and homogeneous Neumann

φD
j (x) ∀ j = 1, 2, 3, . . . φN

j (x) ∀ j = 2, 3, . . .

Even T2j (x) − T0(x) T2j (x) + (j 2 − 1)T0(x) − j 2T2(x)

Odd T2j+1(x) − T1(x) T2j+1(x) + j 2 + j − 2
2

T1(x) − j 2 + j

2
T3(x)

Table 1. One-dimensional basis functions φj (x) based upon Chebyshev polynomials Tk(x) for
even/odd parity and different end-point conditions.

In the limit of vanishing Grashof number, the pure pressure-driven case of Tatsumi &
Yoshimura (1990) is recovered; for vanishing Prandtl number, the stability problem
becomes purely hydrodynamical, albeit for a modified basic flow.

Examination of equations (2.4) and taking into account that the basic flow is an
even function of both y and z shows that the perturbations are restricted to the
same four basic symmetry modes (hereinafter modes I–IV) as found in Tatsumi &
Yoshimura (1990). The temperature perturbations θ follow the same symmetry as the
axial velocity, namely,

I: u(o,e) v(e,e) w(o,o) p(o,e) θ(o,e),
II: u(o,o) v(e,o) w(o,e) p(o,o) θ(o,o),

III: u(e,e) v(o,e) w(e,o) p(e,e) θ(e,e),
IV: u(e,o) v(o,o) w(e,e) p(e,o) θ(e,o).


 (2.7)

The notation of (2.7) is such that e.g. (o,e) stands for an odd parity in y and an even
parity in z. Note that modes I and IV are equivalent in the case of a square domain
A= 1.

3. Numerical method
The basic flow equations (2.2) were solved with the fast Chebyshev–Galerkin

method of Shen (1995), using 256 × 256 modes. Excellent agreement with tabulated
values of Tatsumi & Yoshimura (1990) in the limit of vanishing Grashof number was
obtained.

The perturbation functions in the cross-stream plane are expanded as follows:

v(y, z) =

Ny∑
m=2

Nz∑
n=1

v̂mnφ
N
m (y)φD

n (z), (3.1a)

w(y, z) =

Ny∑
m=1

Nz∑
n=2

ŵmnφ
D
m (y)φN

n (z), (3.1b)

θ(y, z) =

Ny∑
m=1

Nz∑
n=1

ŵmnφ
D
m (y)φD

n (z) , (3.1c)

where the one-dimensional basis functions are the modified Chebyshev polynomials
given in table 1. The system (3.1) automatically satisfies the boundary conditions,
which eliminates spurious eigenvalues. By using basis functions with combinations
of odd/even parity corresponding to the present basic symmetry modes, a further
reduction of the system dimension is achieved. When comparing the present results



Linear stability of flow in an internally heated rectangular duct 391

Ny × Nz Re(c)/Re Im(c)/Re

10 × 20 0.559622 0.22787675 × 10−1

15 × 30 0.232026 0.10520835 × 10−3

20 × 30 0.232165 0.13115827 × 10−3

20 × 35 0.232342 −0.12105729 × 10−4

25 × 40 0.232386 −0.24038751 × 10−4

30 × 45 0.232392 −0.22714486 × 10−4

35 × 50 0.232392 −0.22017663 × 10−4

40 × 60 0.232392 −0.21974008 × 10−4

Table 2. Convergence of the least stable mode (symmetry I) for iso-thermal flow in a
rectangular duct of aspect ratio A = 5 at Tatsumi & Yoshimura’s critical point (Re = 10 400
and α = 0.91). Note that the phase velocity is normalized with the Reynolds number for
consistency with the choice of reference values used by Tatsumi & Yoshimura (1990).

to other studies, it should be kept in mind that a truncation level Ny corresponds to
Chebyshev polynomials up to degree 2Ny (2Ny + 1 in the odd case).

We have examined a collocation method (using Gauss–Lobatto collocation points
on the half-interval) and a full Galerkin method. It was found that while both
methods consistently reproduce the relevant eigenvalues, the collocation method
yields additional spurious modes. The drawback of the Galerkin method is a higher
complexity of the code and longer execution times for the matrix assembly. However,
we prefer the Galerkin approach because of its reliability. The final generalized
eigenvalue problem was solved by means of the QZ algorithm and using 64 bit
arithmetic. For a truncation level of Ny = Nz = 20 (Ny = Nz =30), the memory
requirement of the present code is 54 MB (240 MB) and the execution time 147 s
(2978 s) on an Intel Pentium IV processor with a clock frequency of 3 GHz.

The present method was thoroughly tested. Excellent agreement with the results
of Tatsumi & Yoshimura (1990) and Theofilis et al. (2004) in the limit of vanishing
Grashof and Prandtl numbers was obtained. Table 2 shows the numerical convergence
of the least stable mode for the duct with aspect ratio A= 5 at Tatsumi & Yoshimura’s
critical point (Re = 10 400 and α = 0.91). Furthermore, the results of Nagata &
Generalis (2002) and Generalis & Nagata (2003) in a plane channel for finite Grashof
number and different values for the Prandtl number were recovered in the limit of
large aspect ratio. Additional details of the numerics and the validation procedure
can be found in Uhlmann (2004).

4. Results
4.1. Inflectional properties of the basic flow

An important characteristic of the basic velocity profile with relevance to stability
analysis is the existence of inflection points. For the present two-dimensional case,
we use the definition of Kawahara et al. (1998) and call inflection points those
locations in the cross-stream plane where the second derivative of the basic velocity
in the direction of its gradient is zero, d2U/dn2 = 0, with the unit vector defined as
n = ∇U/|∇U |. It turns out that in the square duct there are five different types of
basic flow, which will be called M1 to M5 in the following. Their occurrence in the
(Re, Gr)-plane is depicted in figure 1 (a) (only the upper half-plane is shown since the
other half-plane is recovered by symmetry with respect to the origin) and examples



392 M. Uhlmann and M. Nagata

Gr

–400 –200 0
0

1000

2000

3000(a) (b)
s2 s3 s4 s1 s2 s3 s4

M1

M2

M3

M4

M5

M1

Re Re
–3000 –2000 –1000 0

0

1000

2000

3000

M1

M0

M2

M3

M4

M5

M1

Figure 1. The regions in the upper half of the (Re,Gr)-plane where the observed basic flow
types Mi occur. Note that M1 includes the Gr = 0 axis; M5 corresponds exclusively to the
Re = 0 axis. Region M0 is only defined for finite aspect ratios larger than unity. The slopes
si of the dividing lines defined by Gr = siRe are given in table 3 for various aspect ratios.
(a) A = 1; (b) A = 3.

for each region are plotted in figure 2. In region M1, which includes the Gr =0 axis,
the basic flow has a shape similar to pure pressure-driven flow, i.e. there are 4 closed
inflection lines, one attached to each corner. When crossing from zone M1 into zone
M2, 9 new inflection lines appear simultaneously, one circular-shaped line located in
the center of the channel and 2 smaller elongated closed lines in each quadrant. Upon
entering region M3, the inflectional pattern remains similar to M2, but both positive
and negative basic flow occurs (reverse flow). When approaching the border between
M3 and M4, the central inflection line deforms and increases its circumference while
the 8 smaller elongated lines move towards the corners of the domain. These latter
lines as well as the 4 lines attached to the corners shrink until they disappear at the
border with region M4. The flow has fully reversed its direction in zone M4 and the
inflectional pattern has turned into a single inflectional line. Finally, figure 2 shows
that the flow on the Re = 0 axis M5 is characterized by a single open inflection line
close to each corner. In the quadrants where the Reynolds and Grashof numbers
have the same sign, the basic flow exhibits the same shape as in zone M1.

In configurations with an aspect ratio larger than unity, the above characterization
of the basic flow still applies, although the exact shape of the inflection lines obviously
changes. The diagram in the (Re, Gr)-plane valid for A > 1 is shown in figure 1 (b).
When starting in zone M1 (quadrant II) and continuously increasing the Reynolds
number, two inflection lines which do not cross the minor axis (z = 0) appear first
near the origin. The corresponding basic flow type – which has no counterpart in the
square case – will be called M0. With a further increase in the Reynolds number, those
two inflection lines join into a single one which crosses both coordinate axes. This
conversion determines the boundary between zones M0 and M2. The definition of the
remaining regions is strictly the same as in the square case. Why is the distinction
between M0 and M2 important? In the limit of infinite aspect ratio, the basic flow
velocity depends solely on the y-coordinate (Nagata & Generalis 2002),

U =
1

12
Gr(y4 − 6y2 + 5) + Re(1 − y2) , (4.1)

with inflection curves being lines of constant z. Even for large but finite aspect
ratios it is expected that the basic flow properties in the direction of the minor
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Figure 2. The basic flow of the square duct (A = 1) with Gr = 3000 and varying the Reynolds
number such as to fall into the five ranges depicted in figure 1: isocontours of the basic flow
velocity (graphs in first column) at values U/|Umax| = −1(0.2)1 with negative values drawn by

dashed lines; isocontours of d2U/dn2 = 0 (graphs in second column). These basic flow types
are distinguished by the difference in the number of disjoint inflection lines, except for type
M3 which corresponds to the occurrence of reverse flow. Note that the basic flow is doubly
symmetric and, therefore, only one quadrant is shown. The graphs in the third column show
velocity profiles on the centreline, U (y, z = 0): ——, square duct; — · —, A = ∞. In the case
with A = ∞, the values for the Reynolds number are Re = −1670, −1375, −1200, −60, 0 (from
top to bottom).
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A s1 s2 s3 s4

1 −5.75 −7.69 −48.40
3 −1.07 −2.12 −2.55 −21.68
5 −0.62 −2.01 −2.41 −20.62
∞ −2 −2.4 −3

Table 3. Slopes of the lines dividing the regions of the basic flow in the (Re,Gr)-plane,
defined by Gr = siRe (cf. figure 1) for various aspect ratios A. The values have been obtained
by evaluating inflectional properties of numerically obtained basic flow, except for the limit
A = ∞ which corresponds to the analytical profile of Nagata & Generalis (2002). Note that
the region M0 and, therefore, the line with slope s1 only exists for intermediate aspect ratios.

αci

10–3 10–2 10–1
α

100

–300

–200

–100

0

Figure 3. Growth rate vs. streamwise wavenumber for linear stability of the isothermal
rectangular duct at Re = 10 000 and various aspect ratios: – – –, A = 1; — · —, A = 6; ——,
A = ∞. These results were computed with truncation levels up to Ny = 30, Nz = 60.

axis are the significant ones for the stability of the flow. When adopting the above
definition of region M2 we find that the slopes of all dividing lines between basic flow
regions decrease monotonously with the aspect ratio (cf. table 3). In the following, the
usefulness of the proposed regions will become clear when strong correlations with
the appearance of unstable modes are observed (cf. § 4.2).

4.2. Linear stability

In the isothermal case (Gr =0), the square duct (A = 1) is now believed to be linearly
stable (Tatsumi & Yoshimura 1990; Theofilis et al. 2004). Above a critical aspect
ratio (Ac,iso =3.2) a modulated analogue of the wall-mode which is responsible for
instability in PPF becomes unstable. Figure 3 illustrates the situation for Re =10 000
and A= 1, 6, ∞. For A= 1, the maximum growth rate is found at small wavenumbers
(α ≈ 0.005). However, this feature disappears with increasing aspect ratio and only
the above mentioned wall-mode eventually becomes unstable (cf. analogue discussion
for elliptic pipe flow by Kerswell & Davey 1996).

The effect of internal heating upon pressure-driven flow in a plane channel
can be conveniently demonstrated in the (Re, Gr)-plane. For this purpose, we
have re-computed the linear results of Nagata & Generalis (2002) for vanishing
Prandtl number and obtained additional data at Pr = 7 (finite Prandtl numbers were
previously considered in Generalis & Nagata 2003, but only for vanishing Reynolds
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Figure 4. Neutral curves for heated and pressure-driven plane flow (A = ∞) at (a) Pr = 0
and (b) Pr =7, and various values for the streamwise wavenumber: ——, α =0.5; – – –, α = 1;
— · —, α = 1.5. The straight dotted lines indicate the boundaries of the basic flow regions (M1

to M5) for this specific configuration. In all cases, the mode with antisymmetric parity of the
streamwise velocity (i.e. u(o, · ), where · indicates that there is no variation in z) is the most
unstable.

numbers). Figure 4 shows the neutral curves at various values for the streamwise
wavenumber for A= ∞. It can be seen that for a range of wavenumbers, the flow
loses stability in a conical area coinciding mostly with basic flow region M3 (where
additional inflection lines and reverse flow are found); for finite Prandtl numbers, the
conical area also includes parts of region M2. With increasing Prandtl number, these
cones tend towards the Gr = 0 axis. For wavenumbers around α = 1, the unstable area
broadens towards the first quadrant and connects to the purely hydrodynamic mode
which is found on the axis Gr = 0 at |Re| = 5772.22 (Orszag 1971). In the second
quadrant of the (Re, Gr)-plane Orszag’s mode is connected to an unstable region
extending towards higher negative Reynolds numbers.

Turning to the configuration with finite aspect ratio, the first question is whether the
heated square duct (A= 1) allows for linearly unstable modes in the limit of vanishing
Prandtl number. We recall that this limit corresponds to Tatsumi & Yoshimura’s
analysis, albeit for a modified basic flow. For this purpose, we have swept the para-
meter space in the following range:

Pr = 0, Re ∈ [−50 000, 50 000], Gr ∈ [0, 8000], α ∈ [0.1, 3],

for all three different symmetry modes (I = IV, II and III) and using truncation
levels up to Ny =Nz = 35. No unstable modes could be detected. Figure 5 (a) shows
corresponding curves of the growth rate as a function of the streamwise wavenumber
at a fixed value for the Grashof number (Gr = 3000); the values for the Reynolds
number are chosen such as to represent all basic flow types of figures 1 and 2. By
comparison with figure 3, it can be observed that the homogeneous heat release has
a general destabilizing effect upon the flow and that the effect is strongest when the
pressure-gradient and the buoyancy are opposed (i.e. GrRe < 0). In particular, the
growth rate is largest when the basic flow has additional inflection lines (region M2),
with a broad peak around α =1.

Setting the Prandtl number to a finite value causes an additional destabilization of
the flow. From figure 5 (b), where growth rates for Pr = 7 are shown, it becomes clear



396 M. Uhlmann and M. Nagata

αci

10–2 10–1

α
100 10–2 10–1 100

–100 (a) (b)

–50

0

–100

–50

0

α

Figure 5. Growth rate vs. streamwise wavenumber for linear stability of the heated square
duct (A = 1, Gr = 3000) at vanishing and finite Prandtl number and various values for
the Reynolds number: – – –, Re = −600 (basic flow region M1); — · —, Re = −400 (M2);
—◦—, Re = −200 (M3); —•—, Re = −60 (M4); —�—, Re = 0 (M5); —�—, Re = 600 (M1).
(a) Pr = 0, (b) Pr = 7. The symmetry corresponds to mode I, which is always the most unstable.
The truncation level is Ny = Nz = 20.
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α
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–––

Figure 6. Phase velocity vs. streamwise wavenumber for the unstable modes in purely
pressure-driven and heated duct flow: (a) square duct in region M2 (A = 1, Gr= 3000, Pr = 7,
Re= −400, cf. figure 5); (b) heated PPF in region M2 (A = ∞, Gr= 3000, Pr =7, Re= −1375);
(c) isothermal duct with A = 6, Re= 10 000 (cf. figure 3); (d) isothermal PPF with Re = 10 000
(cf. figure 3).

that the growth rate is enhanced for all (Gr, Re)-pairs with respect to the Pr = 0 case;
instability is obtained for the curve representing region M2 and symmetry mode I.

These new unstable modes can be distinguished from the ‘wall modes’ found in
the isothermal case (at much higher Reynolds number and at larger aspect ratio) by
considering the phase velocity cr . In order to account for variations of the basic flow
from case to case, the ordinate in figure 6 has been normalized by the bulk velocity,

Ub =

∫ A

−A

∫ 1

−1

U (y, z) dy dz/4A.

It can be seen that for the unstable perturbations of figure 5 (b), the phase velocity
varies between 1.2Ub and 2.2Ub, similar in magnitude to the corresponding case of
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Figure 7. Neutral curves for heated and pressure-driven square duct flow (A =1). (a) Finite
Prandtl number (Pr = 7) and various values for the streamwise wavenumber: ——, α = 0.5;
– – –, α = 1; — · —, α = 1.5; (b) Streamwise wavenumber α = 1 and various values for the
Prandtl number: — · —, Pr = 1; ——, Pr = 3; – – –, Pr = 7. The straight dotted lines indicate
the boundaries of the basic flow regions (cf. figure 1). The symmetry mode I is always the
most unstable. The truncation level is Ny = Nz = 20.

HPPF. As a comparison, Tatsumi’s and Orszag’s modes propagate at a much slower
velocity of 0.3Ub, . . . , 0.6Ub. The high values for the phase velocity of the unstable
modes in the heated case mean that critical lines – if they exist – are located near the
maxima of the basic flow found in the central region of the channel. Furthermore,
figure 6 shows a broad excitation of streamwise wavenumbers for the present case of
internally heated flow, as opposed to the localized peaks of the isothermal case.

The relation between the inflectional properties and the instability of flow in the
heated duct becomes clear when considering the neutral curves in the (Gr, Re)-plane
(figure 7). For Pr = 7 and α = 0.5, 1, 1.5 the instability is confined to a conical area
coinciding roughly with the basic flow region M2. As opposed to the HPPF case (cf.
figure 4), the dependency upon the value of the streamwise wavenumber is small and
zones M1, M4, M5 and most of zone M3 are stable. When increasing the value of
the Prandtl number between Pr =1 and Pr = 7 the extent of the conical region of
instability grows towards the origin of the diagram (figure 4 b). The striking match
between the proposed partitioning of the (Gr, Re)-plane by means of the inflection
property and the linear instability underline the importance of the inflectional nature
of the basic flow for the heated duct.

The eigenvalue spectrum is modified owing to internal heat release, as can be seen
from figure 8. In this figure, the isothermal situation is compared to the case with
finite Grashof number, for vanishing and finite values of the Prandtl number, while
the Reynolds number is kept at a constant value of Re = −400. Since the basic flow
varies between the former and the latter two cases, we again normalize the real part
of the complex phase velocity with the bulk velocity Ub. By varying the resolution
up to Ny = Nz = 40 it has been verified that these eigenvalues have converged to
within 10−4 in the units of figure 8. In the isothermal case, multiple branches with
ci→−∞ are found in the range 0.4 � cr/Ub � 1.4. Note that in the limit A= ∞
only a single such branch with cr = Ub exists. (Theofilis et al. (2004) present the
eigenvalue spectrum for A= 1 and Re = 100 in the isothermal case (their figure 4),
however, without specifying the value for the streamwise wavenumber. It was checked
that the wavenumber was in fact set to α = 0.5 in their computation (V. Theofilis,
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Figure 8. Eigenvalue spectra for Re= −400 and α = 1 in the square duct case, A = 1, with
(a) Gr= 0, Pr = 0 (isothermal); (b) Gr= 3000, Pr = 0 (heated, but no temperature fluctuations);
(c) Gr = 3000, Pr = 7. Note that only the case (c) has eigenvalues with positive growth rate.
The open circles correspond to the limit A = ∞ at the same Reynolds and Prandtl number
values with (a) Gr= 0; (b) Gr =880; (c) Gr =880. The graphs on the bottom show the same
data in a close-up view of the most unstable modes. Convergence of the eigenvalues to within
10−4 (complex norm, in the units of the graphs) was confirmed by varying the resolution up
to Ny = Nz = 40.

personal communication). It was also verified that for matching wavenumbers, we
obtain a perfect agreement with the data of Theofilis et al. (2004).) In the heated
cases (Gr =3000), these branches are visibly more concentrated around cr = Ub. The
main effect of the temperature fluctuations (i.e. finite Prandtl number, figure 8 c vs.
8 b) seems to be a shift of eigenvalues towards larger growth rates without changing
the overall shape of the spectrum.

The three most unstable eigenfunctions for the heated and finite-Prandtl-number
case (at the parameter point of figure 8 c) are shown in figures 9–11. These belong
to symmetry modes I, II and III, the first two being unstable and the latter one
having a slightly negative growth rate. The graphs show contours of the streamwise
velocity perturbation in the cross-stream plane as well as isosurfaces of the intensity
|u| of the perturbation velocity over one streamwise period and at arbitrary phase.
All three eigenmodes exhibit smooth spatial structures. The highest intensities are
located roughly halfway between the centre of the duct and the walls, in the direct
vicinity of the inflection curves found in the core region of the duct.

We now turn our attention to geometries with finite aspect ratios above unity. For
this purpose we will consider the values A= 3, 5 – the former smaller than Ac,iso and
the latter larger than Ac,iso. The corresponding curves in the heated case for Pr = 7
and various streamwise wavenumbers are shown in figures 12–13. In both cases, the
unstable region coincides mostly with basic flow region M2, exhibiting incursions
into the neighbouring region M3 for some values of the wavenumber. It should be
emphasised that no unstable modes were found in zone M0 where all inflection curves
are located away from the minor axis. This observation confirms that it is important
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Figure 9. The most unstable eigenfunction in the square duct (A = 1) at Gr = 3000, Re = −400
(zone M2, −43.825 � U � 0), α = 1 and Pr =7 with c = −42.0095 + 4.5720i. (a) Real part
of the streamwise velocity; (b) imaginary part; (c) isosurface of the intensity of the velocity
perturbation |u|/max |u| = 0.5, shown over one period and at arbitrary phase. In (a) and (b) the
eigenfunction has been normalized such that Im(u(y = 0.5, z =0.5)) = 0 and max(|Re(u)|)= 1.
Contour lines are shown at intervals of 0.1 with negative values dashed. The chain-dotted
lines indicate the inflection curves. This perturbation has symmetry mode I and only the first
quadrant is shown in (a), (b). The truncation level is Ny = Nz =25.
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Figure 10. As figure 9, but showing the second most unstable mode with symmetry II. The
corresponding eigenvalue is c = −45.6559 + 1.1916i.
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Figure 11. As figure 9, but showing the third most unstable mode with symmetry III. The
corresponding eigenvalue is c = −39.1638 − 0.2725i.
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Figure 12. Neutral curves for heated and pressure-driven duct flow with aspect ratio A = 3
at Pr = 7 and various values for the streamwise wavenumber: ——, α = 0.5; – – –, α =1;
— · —, α = 1.5. The straight dotted lines indicate the boundaries of the basic flow regions. The
symmetry mode I is always the most unstable. The truncation level is Ny = 20, Nz = 25.
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Figure 13. Neutral curves for heated and pressure-driven duct flow with aspect ratio A = 5
at Pr = 7 and various values for the streamwise wavenumber: (a) ——, α = 0.5; – – –, α =1;
— · —, α = 1.5; (b) ——, α = 0.91. In (b), the stable and unstable regions are marked by ‘S’
and ‘U’, respectively, for clarity. The straight dotted lines indicate the boundaries of the basic
flow regions. The symmetry mode I is always the most unstable. Note that the ranges of the
abscissae are different in the two graphs. The truncation level is Ny =20, Nz = 25, . . . , 35.

to distinguish between the basic flow regions M0 and M2 in the rectangular geometry.
The comparison of figures 7, 12 and 13 shows that the main effect of increasing the
aspect ratio in this moderate range is a growth of the conical region of instability
towards the origin of the (Re, Gr)-plane. Figure 13 (b) shows the neutral curves for
the duct with A= 5 and a wavenumber of α = 0.91, the value identified by Tatsumi &
Yoshimura (1990) as critical (for |Re| � 10 400) in the isothermal case. It can be seen
that – within the present range of values for the Grashof and Reynolds numbers –
the ‘thermal modes’, i.e. those in the conical region overlapping with M2, do not
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Figure 14. The most unstable eigenfunction of the duct with aspect ratio A = 5 at Gr= 3000,
Re = −1400 (zone M2, −322.039 � U � 0), α = 1 and Pr = 7 with c = −172.2463 + 5.9927i.
This perturbation has symmetry mode I. Otherwise, notation and normalization as in figure 9.
The additional graph (d) shows a surface plot of the basic flow velocity with the critical line
U = cr marked in black. The truncation level is Ny = 25, Nz = 30.

reconnect with Tatsumi’s modes located on the Gr, =0 axis. In particular, the neutral
curve emerging from the Gr = 0 axis at Re = +10 400 follows an almost straight line
which is slightly tilted towards the Re= 0 axis. We have not checked whether both
unstable zones might connect for even larger values of the Grashof number (as in the
HPPF case, cf. figure 4 b).

Finally, the eigenfunction of the most unstable perturbation in the rectangular duct
with aspect ratio A= 5 and choosing a parameter point in zone M2 (Gr = 3000, Re =
−1400, Pr =7, α = 1) is depicted in figure 14. This eigenmode has a positive growth
rate and belongs to symmetry mode I. The highest intensities of the perturbation are
concentrated near the centre of the duct, being approximately confined to |z| � 2.
Their location again correlates strongly with the position of the central inflection
curve. The plots in figure 14 underline the fact that the present perturbations are
distinct from the unstable modes found by Tatsumi & Yoshimura (1990), which, by
contrast, exhibit a strong shear layer in the corner region (cf. their figure 5) and a
low phase velocity.

Figure 15 shows a cut of this eigenfunction along the minor axis and compares
it to the case of the plane channel geometry at a corresponding parameter point
in the basic flow zone M2 (Gr = 880, Re= −400, α = 1; the most unstable mode
of the spectrum shown in figure 8 c). The similarities are found to be very strong,
indicating that the perturbations at intermediate aspect ratios can be considered as
‘spanwise-modulated variants of the plane eigenmodes’.



402 M. Uhlmann and M. Nagata

u

–1.0 –0.5 0 0.5 1.0
–1.0

–0.5

0

0.5

1.0

Im(u)

Re(u)

y

Figure 15. Comparison of the most unstable perturbation for the channel with A = 5 of
figure 14 on the axis z = 0 (solid line) with the corresponding perturbation in the plane
channel, at the parameter point of figure 8 (c) (dashed line). The eigenfunctions are normalized
such that Im(u(y = 0.5)) = 0 and max(|Re(u)|)= 1.

5. Conclusion
The linear stability of fully developed laminar flow in a vertically oriented

rectangular duct, being subject to homogeneous internal heating and an external
pressure gradient, has been investigated numerically. We have proposed a classification
of the basic flow with respect to inflection properties and the occurrence of reverse
flow, leading to the definition of six distinct types of velocity profile which are uniquely
defined by the ratio between the Grashof number and the Reynolds number. Values
for the slopes of the lines separating the regions in the (Re, Gr)-plane where these
basic flow types occur have been determined at selected aspect ratios, showing a
monotone tendency towards the analytical values in the limit of a plane channel
(Nagata & Generalis 2002).

Our stability analysis has revealed a new class of unstable modes for duct flow.
In the square geometry, perturbations with positive growth rates only exist for finite
values of the Prandtl number which implies that the equation for the temperature
fluctuations must be included in the analysis. These new instabilities encompass all
possible symmetry modes, with mode I (in the terminology of Tatsumi & Yoshimura
1990) found to be the most unstable. The unstable region in the (Re, Gr)-plane is
roughly wedge-shaped and corresponds to basic flow profiles exhibiting additional
inflection lines which cross the minor axis, i.e. the neutral curves are contained in
basic flow zones M2 and M3 in our notation. Furthermore, these perturbations were
found to have a positive growth rate over a broad range of streamwise wavenumbers.
They have the noteworthy property of a high phase velocity, comparable in size to the
maximum basic flow velocity. The corresponding eigenfunctions exhibit a large-scale
bulge-like shape with their highest intensities located near the inflectional lines in the
centre of the cross-section. The new class of perturbations is, therefore, of a distinct
nature from the ‘wall modes’ which were found by Tatsumi & Yoshimura (1990) in
the isothermal case and which become unstable only at high Reynolds numbers and
for large aspect ratios. Finally, it was shown that, across the minor axis, the current
modes at intermediate values of the aspect ratio bear a strong resemblance to their
counterparts in the plane geometry.
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Our results open the door for a subsequent nonlinear analysis. At first, the secondary
flow solutions bifurcating from the present perturbations should be explored. The
following step will then be an attempt at finding nonlinear solutions for the isothermal
case by means of a continuation technique (homotopy). This requires tracking the
secondary flow down to the limit of vanishing Grashof number. Obviously, there is
no guarantee of the success of this approach as the solution branch might lead away
from the desired limit (as e.g. in pipe flow with added system rotation, Barnes &
Kerswell 2000). Currently, work on these aspects of the nonlinear stability of duct
flow is underway.
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contract DPI-2002-040550-C07-04 and acknowledges a grant from the Japanese
Society for the Promotion of Science (Postdoctoral Fellowship for Foreign Researchers,
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